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Abstract
We derive a “master formula” for the contribution of the three-gluon correlation function
in the nucleon to the twist-3 single-spin-dependent cross section for semi-inclusive deep-
inelastic scattering, ep↑ → eDX . This is an extension of the similar formula known for
the so-called soft-gluon-pole contribution induced by the quark-gluon correlation function
in a variety of processes. Our master formula reduces the relevant interfering partonic
subprocess with the participation of the three gluons to the Born cross sections for the γ∗g →
cc¯ scattering, which reveals the new structure behind the twist-3 single spin asymmetry and
simplifies the actual calculation greatly. A possible extension to higher order corrections is
also discussed.
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1 Introduction
Single (transverse) spin asymmetries (SSA) in high-energy inclusive processes, such as semi-
inclusive deep inelastic scattering (SIDIS), Drell-Yan process, and hadron production in pp
collision, appear as a consequence of multi-parton correlations in the hadrons, which did
not show up in the naive parton picture for high-energy scattering. SSA reveals the multi-
parton correlation most unambiguously as a leading twist-3 observable in the framework of
collinear factorization which is valid to describe hadron production with large transverse
momentum PT ≫ ΛQCD.
1 Among those correlations, the effect of quark-gluon correlations
have been widely studied in the literature and our understanding on the mechanism of
SSA has made a great progress [1]-[16]. There are also some studies on the contribution to
SSA from the purely gluonic correlation in the nucleon [17, 18, 19, 20] and the multi-parton
correlations in the fragmentation functions [21, 22].
In our recent paper [19], we have established the formalism for calculating the twist-3
single-spin dependent cross section induced by the three-gluon correlation functions in the
transversely polarized nucleon. There, we clarified a complete set of the gauge-invariant
three-gluon correlation functions and derived the corresponding cross section for the D-
meson production in SIDIS, ep↑ → eDX , which is relevant to probe the purely gluonic
correlation leading to SSA. 2 In particular, we have proved the factorization property of
the twist-3 cross section and given a detailed prescription of expressing the cross section in
terms of the gauge-invariant three-gluon correlation functions. Our result differed from the
previous study [17, 18], and we clarified why the previous result needs to be corrected.
The partonic cross section in this formalism is given as a pole contribution of an internal
propagator in the hard part, reflecting the naively T -odd nature of SSA. The pole forces
one of the gluon lines in the three-gluon correlation functions to be soft, and hence the
pole is called the soft-gluon-pole (SGP). For the SGP contribution from the quark-gluon
correlation functions, it has been shown in [10, 11] that the corresponding twist-3 hard cross
sections for ep↑ → eπX and p↑p→ πX have a simple relation with the twist-2 unpolarized
hard cross section for the same processes. This connection greatly facilitates the actual
calculation and makes the structure of the SGP contribution transparent.
The purpose of this paper is to show that the whole three-gluon contribution to ep↑ →
eDX can also be obtained from the Born cross sections for the γ∗g → cc¯ scattering. In
particular, we will show that some of the twist-3 cross section is completely determined by
the gluon-contribution to the twist-2 unpolarized cross section.
The remainder of this paper is organized as follows: In section 2, we briefly recall a
complete set of the twist-3 three-gluon correlation functions in the transversely polarized
1For the contribution from the quark-gluon correlation functions, consistency between this approach
and the transverse-momentum-dependent factorization in the region ΛQCD ≪ PT ≪ Q with the hard scale
Q has also been shown for some processes [6, 7, 8].
2The D-meson production at large PT in SIDIS is dominated by the photon-gluon fusion subprosess.
Other possible sources of the asymmetry in the D-meson production are associated with the charm quark
content in the polarized nucleon, such as the c-quark transversity distribution and the c-quark-gluon corre-
lation functions, but those intrinsic charm contributions are expected to give tiny corrections in the large
PT region which we are interested in this paper.
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nucleon. In section 3, we summarize the twist-3 formalism for the three-gluon correlation
functions developed in [19]. We mostly follow the notation used in [19], but introduce a
slightly different convention for the azimuthal angles and the hard part, which turned out
to be more convenient for our purpose. In section 4, we develop a new master formula which
connects the three-gluon contribution to the twist-3 single-spin-dependent cross section to
a simpler cross section for the γ∗g → cc¯ scattering. We also discuss the extension of the
formula for higher order corrections. Section 5 is devoted to a brief summary of the outcome
of this paper.
2 Three-gluon correlation functions in the transversely-
polarized nucleon
As clarified in [23, 24, 19], there are two-independent twist-3 three-gluon correlation func-
tions in the transversely-polarized nucleon, O(x1, x2) and N(x1, x2), which are the Lorentz-
scalar functions of the two momentum fractions x1 and x2, defined as
Oαβγ(x1, x2) = −gi
3
∫
dλ
2π
∫
dµ
2π
eiλx1eiµ(x2−x1)〈pS|dbcaF βnb (0)F
γn
c (µn)F
αn
a (λn)|pS〉
= 2iMN
[
O(x1, x2)g
αβǫγpnS +O(x2, x2 − x1)g
βγǫαpnS +O(x1, x1 − x2)g
γαǫβpnS
]
, (1)
Nαβγ(x1, x2) = −gi
3
∫
dλ
2π
∫
dµ
2π
eiλx1eiµ(x2−x1)〈pS|if bcaF βnb (0)F
γn
c (µn)F
αn
a (λn)|pS〉
= 2iMN
[
N(x1, x2)g
αβǫγpnS −N(x2, x2 − x1)g
βγǫαpnS −N(x1, x1 − x2)g
γαǫβpnS
]
, (2)
up to the irrelevant terms of twist-4 and higher, where F αna ≡ F
αβ
a nβ with F
αβ
a = ∂
αAβa −
∂βAαa + gfabcA
α
bA
β
c being the gluon field strength tensor, d
bca and f bca are, respectively, the
symmetric and anti-symmetric structure constants of the color SU(3) group, and we have
suppressed the gauge-link operators which appropriately connect the field strength tensors
so as to ensure the gauge invariance. p is the nucleon momentum, S is the transverse spin
vector of the nucleon normalized as S2 = −1, andMN is the nucleon mass so that O(x1, x2)
and N(x1, x2) are dimensionless. In the twist-3 accuracy, p can be regarded as lightlike
(p2 = 0) and n is another lightlike vector satisfying p · n = 1. To to be specific, we take
pµ = (p+, 0, 0⊥), n
µ = (0, n−, 0⊥) and S
µ = (0, 0,S⊥). Hermiticity, invariance under the
transformations P and T , and the permutation symmetry among the participating three
gluon-fields imply that O(x1, x2) and N(x1, x2) are real functions and satisfy the relations,
O(x1, x2) = O(x2, x1), O(x1, x2) = O(−x1,−x2),
N(x1, x2) = N(x2, x1), N(x1, x2) = −N(−x1,−x2). (3)
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3 Summary of the twist-3 formalism for ep↑ → eDX
3.1 Kinematics
Here, we summarize the kinematics for the SIDIS process,
e(ℓ) + p↑(p, S)→ e(ℓ′) +D(Ph) +X, (4)
where the final D-meson has the mass mh, i.e., P
2
h = m
2
h. This process is described by the
five independent Lorentz invariants:
Sep = (p+ ℓ)
2, xbj =
Q2
2p · q
, Q2 = −q2 = −(ℓ− ℓ′)2, zf =
p · Ph
p · q
, qT =
√
−q2t , (5)
where qt is the “transverse” component of q defined as
qµt = q
µ +
(
m2hp · q
(p · Ph)
2 −
Ph · q
p · Ph
)
pµ −
p · q
p · Ph
P µh , (6)
satisfying qt · p = qt · Ph = 0. In the actual calculation we work in the hadron frame where
the virtual photon and the initial nucleon are collinear, i.e., both move along the z-axis. In
this frame, their momenta q and p are given by
qµ = (q0, ~q) = (0, 0, 0,−Q), pµ =
(
Q
2xbj
, 0, 0,
Q
2xbj
)
. (7)
The azimuthal angle of the hadron plane as measured from the xz plane is taken to be χ
and thus the momentum of the D-meson is parameterized as
P µh =
zfQ
2
(
1 +
q2T
Q2
+
m2h
z2fQ
2
,
2qT
Q
cosχ,
2qT
Q
sinχ,−1 +
q2T
Q2
+
m2h
z2fQ
2
)
. (8)
The transverse momentum of the D-meson in this frame is given by PhT = zfqT , which is
true in any frame where the 3-momenta ~q and ~p are collinear. The azimuthal angle of the
lepton plane measured from the xz plane is taken to be φ and thus the lepton momentum
can be parameterized as
ℓµ =
Q
2
(coshψ, sinhψ cosφ, sinhψ sinφ,−1) ,
ℓ′µ =
Q
2
(coshψ, sinhψ cosφ, sinhψ sinφ, 1) , (9)
where
coshψ =
2xbjSep
Q2
− 1 . (10)
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We parameterize the transverse spin vector of the initial nucleon Sµ as
Sµ = (0, cosΦS, sinΦS, 0), (11)
with the azimuthal angle ΦS of ~S. Although three azimuthal angles φ, χ and ΦS are defined
above, it is obvious that the cross section for ep↑ → eDX depends on them through only
the relative angles φ − χ and ΦS − χ. Thus, it can be expressed in terms of Sep, xbj , Q
2,
zf , q
2
T , φ− χ and ΦS − χ in the above hadron frame. Note that φ, χ and ΦS are invariant
under boosts in the ~q-direction, so that the cross section presented below is the same in
any frame where ~q and ~p are collinear.
With the kinematical variables defined above, the differential cross section for the D-
meson production in SIDIS using the unpolarized lepton can be calculated with
d6σ
dxbjdQ2dzfdq2Tdφdχ
=
α2em
128π4x2bjS
2
epQ
2
zfL
µν(ℓ, ℓ′)Wµν(p, q, Ph), (12)
where Lµν(ℓ, ℓ′) = 2(ℓµℓ′ν+ℓνℓ′µ)−Q2gµν is the corresponding leptonic tensor, Wµν(p, q, Ph)
is the hadronic tensor in the same normalization as in [19], and αem = e
2/(4π) is the QED
coupling constant. The single-spin (~S) dependent part in the cross section (12) describes
the SSA in the process (4). For this part, one can transform the azimuthal element in the
LHS of (12) as dφdχ → dφdΦS and set χ = 0. In fact, in our previous paper [19], φ and
ΦS were used as the azimuthal angles, respectively, for the lepton plane and the spin vector
measured from the hadron plane by setting χ = 0 from the beginning. In the expression
for the differential cross section derived in [19], the differential element “dΦS” appearing in
the above sense was missing, and thus should be supplied together with the factor 1/(2π)
for the cross section with all the results unchanged.
3.2 Twist-3 cross section
As shown in [19], the contribution from the three-gluon correlation functions to the hadronic
tensor Wµν is relevant for having the sizeable SSA in the collinear factorization to describe
the large-PhT D-meson production and is represented by the diagrams of the type shown in
Fig. 1. Here, the twist-2 fragmentation function D(z) for a c-quark to become the D-meson
is already factorized as the upper blob. In the other part of the diagrams, the partonic hard
part Sabcµν;ρτλ(k1, k2, q, pc), represented by the middle blob, is combined with the correlation
functions ∼ 〈AτbA
λ
cA
ρ
a〉 of the gluon fields, A
ρ
a(ξ), in the nucleon (lower blob), where ρ, τ, λ
and a, b, c are, respectively, Lorentz and color indices for the relevant three gluon-fields.
µ and ν in Sabcµν;ρτλ(k1, k2, q, pc) represent the Lorentz indices for the virtual photon. Com-
pared to the conventional photon-gluon fusion subprocess, γ∗g → cc¯, an additional gluon
participates in the partonic hard part Sabcµν;ρτλ(k1, k2, q, pc) and allows us to obtain interfering
phase arising from the unpinched pole contribution of an internal propagator contained in
Sabcµν;ρτλ(k1, k2, q, pc). Owing to the symmetry property of the spin-dependent part of the
nucleon matrix elements 〈AτbA
λ
cA
ρ
a〉 under the P - and T -transformations [19], only such
interfering contribution in the hard part Sabcµν;ρτλ(k1, k2, q, pc) can give rise to the single-spin-
dependent cross section. In the leading order with respect to the QCD coupling constant,
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the corresponding contribution to Sabcµν;ρτλ(k1, k2, q, pc) can be obtained from the diagrams
shown in Fig. 2 (together with their mirror diagrams), where the bar on a propagator
indicates that the pole part is to be taken from the propagator; in principle, other prop-
agators can produce similar pole contributions, but we need not consider separately those
contributions, which indeed correspond to the diagrams obtained by the permutation of the
gluons in the diagrams of Fig. 2. It has been shown in [19] that the total contribution to the
single-spin-dependent cross section from Figs. 1, 2 can be expressed in a gauge-invariant
form as
Wµν(p, q, Ph) =
∫
dz
z2
D(z)
∫
dx1
x1
∫
dx2
x2
×
 ∂Sabcµν;ρτλ(k1, k2, q, pc)pλ
∂kσ2
∣∣∣∣∣
ki=xip
pole ωρα ωτβ ωσγMαβγF,abc(x1, x2), (13)
up to the twist-3 accuracy in the collinear factorization with k1 = x1p and k2 = x2p, where
ωρα = g
ρ
α−p
ρnα andM
αβγ
F,abc(x1, x2) denotes the three-gluon lightcone correlation functions
defined in terms of the gluon field-strength tensors, as
MαβγF,abc(x1, x2) = −gi
3
∫
dλ
2π
∫
dµ
2π
eiλx1eiµ(x2−x1)〈pS|F βnb (0)F
γn
c (µn)F
αn
a (λn)|pS〉
=
3
40
dabcOαβγ(x1, x2)−
i
24
fabcNαβγ(x1, x2), (14)
with Oαβγ(x1, x2) andN
αβγ(x1, x2) given in (1) and (2). We introduced the notation [· · ·]
pole,
where
[
Sabcµν;ρτλ(k1, k2, q, pc)
]pole
implies that the bared propagator arising in Fig. 2 (and
its mirror diagrams) should be replaced by its pole part ∝ δ ((pc + k1 − k2)
2 −m2c) (or
δ ((pc + k2 − k1)
2 −m2c)), with pc the momentum of the c-quark fragmenting into the D-
meson, p2c = m
2
c ; this fixes a momentum fraction at x1 = x2 in the collinear limit ki = xip
in (13). pc is parameterized by the momentum fraction z associated with the fragmentation
function D(z), as
pµc =
1
z
P µh +
1
2p · Ph
(
m2cz −
m2h
z
)
pµ
=
ẑQ
2
(
1 +
q2T
Q2
+
m2c
ẑ2Q2
,
2qT
Q
cosχ,
2qT
Q
sinχ,−1 +
q2T
Q2
+
m2c
ẑ2Q2
)
, (15)
where ẑ = zf/z, and the second line shows the explicit form in the hadron frame with (7),
(8). The summation over the c and c¯ quark contributions, as well as the corresponding flavor
index on D(z) and Sabcµν;ρτλ(k1, k2, q, pc), is implicit in (13). Actually, many terms of twist-3,
other than those in (13), are generated by the collinear expansion of the diagram of Fig. 1,
and appear to be gauge-noninvariant. We emphasize that all these gauge-noninvariant
twist-3 terms either cancel or vanish in the cross section, as demonstrated in [19] by the
use of Ward identities.
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Figure 1: Generic diagram giving rise to the twist-3 contribution to the hadronic tensor of
ep↑ → eDX induced by the gluonic effect in the nucleon. It is decomposed into the nucleon
matrix element (lower blob), D-meson matrix element (upper blob), and the partonic hard
scattering part by the virtual photon (middle blob).
3.3 Calculation of LµνW
µν
To calculate the contraction Lµν(ℓ, ℓ′)Wµν(p, q, Ph) in (12), we introduce the following four
vectors which are orthogonal to each other, similarly as in [19]:
T µ =
1
Q
(qµ + 2xbjp
µ) ,
Xµ =
1
qT
{
P µh
zf
− qµ −
(
1 +
q2T +m
2
h/z
2
f
Q2
)
xbjp
µ
}
,
Y µ = ǫµνρσZνXρTσ,
Zµ = −
qµ
Q
. (16)
In the hadron frame specified by (7) and (8), these vectors become T µ = (1, 0, 0, 0), Xµ =
(0, cosχ, sinχ, 0), Y µ = (0,− sinχ, cosχ, 0), Zµ = (0, 0, 0, 1), so that
(0, 1, 0, 0) = cosχXµ − sinχY µ,
(0, 0, 1, 0) = sinχXµ + cosχY µ, (17)
In the present case, W µν can be expanded in terms of the following six independent ten-
sors [19]:
Vµν1 = X
µXν + Y µY ν , Vµν2 = g
µν + ZµZν ,
7
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k
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q
q
Figure 2: Feynman diagrams for the partonic hard part in Fig. 1, representing the photon-
gluon fusion subprocesses that give rise to the pole contribution for ep↑ → eDX in the
leading order with respect to the QCD coupling constant. The short bar on the internal
c-quark line indicates that the pole part is to be taken from that propagator. In the text,
momenta are assigned as shown in the upper-left diagram, where pc denotes the momentum
of the c-quark fragmenting into the D-meson in the final state. The mirror diagrams also
contribute.
Vµν3 = T
µXν +XµT ν , Vµν4 = X
µXν − Y µY ν ,
Vµν8 = T
µY ν + Y µT ν , Vµν9 = X
µY ν + Y µXν . (18)
We also introduce the inverse tensors V˜µνk for the above V
µν
k :
V˜µν1 =
1
2
(2T µT ν +XµXν + Y µY ν), V˜µν2 = T
µT ν,
V˜µν3 = −
1
2
(T µXν +XµT ν), V˜µν4 =
1
2
(XµXν − Y µY ν),
V˜µν8 =
−1
2
(T µY ν + Y µT ν), V˜µν9 =
1
2
(XµY ν + Y µXν). (19)
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With these definitions, one has
LµνW
µν =
∑
k=1,···,4,8,9
[LµνV
µν
k ]
[
WρσV˜
ρσ
k
]
≡ Q2
∑
k=1,···,4,8,9
Ak(φ− χ)
[
Wρτ V˜
ρτ
k
]
, (20)
where Ak(φ − χ) ≡ LµνV
µν
k /Q
2 parameterize the dependence of the cross section on the
azimuthal angle φ of the lepton plane relative to the hadron plane (see (9), (8)), and depend
on φ and χ through φ− χ, with
A1(φ) = 1 + cosh
2 ψ,
A2(φ) = −2,
A3(φ) = − cosφ sinh 2ψ,
A4(φ) = cos 2φ sinh
2 ψ,
A8(φ) = − sinφ sinh 2ψ,
A9(φ) = sin 2φ sinh
2 ψ. (21)
By the expansion (20), the cross section for ep↑ → eDX consists of the five structure
functions associated with A1,2, A3, A4, A8 and A9, respectively, which have different de-
pendences on the azimuthal angle φ.
4 Master formula for three-gluon contribution
4.1 Connection between the twist-3 hard part and the γ∗g → cc¯
scattering
To obtain the twist-3 cross section based on (13), one has to calculate the corresponding
hard part as the derivative, ∂Sabcµν;αβλ(k1, k2, q, pc)p
λ/∂kγ2 , for the contributions from the
diagrams in Fig. 2, followed by the collinear limit ki → xip. We note that many building
blocks in the diagrams in Fig. 2 depend on k2 due to the participation of three external
gluons with the momenta k1, k2 and k2−k1, so that taking the derivative with respect to k
γ
2
produces many terms in the intermediate step and is quite complicated. As will be shown
below, the above hard part for the twist-3 cross section is connected to the hard part with
only the two external gluons, representing the “twist-2 level” partonic scattering, γ∗g → cc¯.
This implies, in particular, some relevant contribution to the hard part for the twist-3
cross section is completely determined by the hard part for the twist-2 unpolarized process
ep → eDX , which is associated with the gluon density-distribution in the nucleon, and,
similarly, the spin-dependent contributions in the partonic scattering γ∗g → cc¯ completely
determine the remaining hard part for the twist-3 cross section.
In order to prove this, we proceed similarly as in the proof in [10, 11] for the mas-
ter formula associated with the quark-gluon correlation, but we discuss each step of our
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proof in detail because it involves extensions for the case not only with the three-gluon
correlation, but also with the nonzero quark-mass, compared to the massless quark case
treated in [10, 11]. We first note that the hard part shown by the diagrams in Fig. 2 has
the structure obtained by attaching an extra gluon-line to the c-quark line in the diagrams
in Fig. 3, which show the leading-order contribution for the γ∗g → cc¯ scattering with the
c-quark fragmenting into the final D-meson. We denote the sum of the contributions of the
diagrams in Fig. 3 as S
(2)ab
µν;αβ(xp, q, pc), where the Lorentz indices α and β, as well as the
color indices a and b, are associated with the external gluon lines that have the momentum
xp. S
(2)aa
µν;αβ(xp, q, pc)/8 with the color indices averaged over represents the hard part for the
twist-2 cross sections. In particular, the twist-2 unpolarized cross section in (12) is given
by the contribution to the hadronic tensor,
WUµν(p, q, Ph) =
∫
dz
z2
D(z)
∫
dx
x
S
(2)ab
µν;αβ(xp, q, pc)G
αβ
ab (x), (22)
where Gαβab (x) is the light-cone correlation function of the gluon’s field strength tensors in
the nucleon, defined as
Gαβab (x) =
1
x
∫
dλ
2π
eiλx〈pS|F βnb (0)F
αn
a (λn)|pS〉 = −
1
2
gαβ⊥ ×
1
8
δabG(x) + · · · , (23)
with the unpolarized gluon density G(x), and gαβ⊥ = g
αβ − pαnβ − nαpβ. From Fig. 3,
S
(2)ab
µν;αβ(xp, q, pc) is obtained as
S
(2)ab
µν;αβ(xp, q, pc) = Tr
[
F¯ bβ(xp, q, pc) (/pc +mc)F
a
α(xp, q, pc)D(xp+ q − pc)
]
, (24)
where Tr[· · ·] indicates the trace over both Dirac and color indices, (/pc +mc) with (15) is
the projection matrix for the D-meson fragmentation function, and the factor,
D(k) ≡ 2π(/k −mc)δ(k
2 −m2c), (25)
is associated with the final-state cut for the unobserved c¯-quark with the momentum k
flowing from the left to the right of the cut. The factor Faα(xp, q, pc) is the γgcc-vertex
function in the left of the cut, containing the photon-quark and the gluon-quark vertices
linked by the quark propagator; here, the Lorentz and color indices, α and a, are associated
with the external gluon, while the Lorentz index µ for the virtual photon is suppressed
for simplicity. The similar factor in the right of the cut can be written as F¯ bβ(xp, q, pc) ≡
γ0[F bβ(xp, q, pc)]
†γ0.
With the replacement xp → k1 in (24), where k1 has nonzero transverse components,
S
(2)ab
µν;αβ(xp, q, pc) may be extended to S
(2)ab
µν;αβ(k1, q, pc). S
abc
µν;αβλ(k1, k2, q, pc)p
λ arising in (13) is
obtained by attaching an additional gluon to S
(2)ab
µν;αβ(k1, q, pc), in particular, to the c-quark
line fragmenting into the D meson, where the gluon carries the momentum k2 − k1, the
polarization associated with pλ, and the color index c. When the extra gluon is attached
in the left of the cut as in Fig. 2, we obtain
SabcL,αβ(k1, k2, q, pc) = Tr
[
F¯ bβ(k2, q, pc)t
cL(k1 − k2 + pc)F
a
α(k1, q, k1 − k2 + pc)D(k2 + q − pc)
]
,
(26)
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Figure 3: Leading-order diagrams for the γ∗g → cc¯ scattering cross section.
where
L(k1 − k2 + pc) = (/pc +mc) /p
−1
/k1 − /k2 + /pc −mc + iǫ
, (27)
and tc is the color matrix for the quark-gluon vertex (the coupling constant g for the
quark-gluon vertex is absorbed in MαβγF,abc(x1, x2) of (14)). Likewise, when the extra gluon
is attached in the right of the cut as in the mirror diagrams of Fig. 2, we obtain
SabcR,αβ(k1, k2, q, pc) = Tr
[
F¯ bβ(k2, q, k2 − k1 + pc)t
cR(k2 − k1 + pc)F
a
α(k1, q, pc)D(k1 + q − pc)
]
,
(28)
with
R(k2 − k1 + pc) =
−1
/k2 − /k1 + /pc −mc − iǫ
/p (/pc +mc) = γ
0L†(k2 − k1 + pc)γ
0, (29)
so that
SabcR,αβ(k1, k2, q, pc) = S
bac
L,βα
∗
(k2, k1, q, pc). (30)
Thus, Sabcµν;αβλ(k1, k2, q, pc)p
λ can be obtained as the sum of (26) and (28):
Sabcµν;αβλ(k1, k2, q, pc)p
λ = SabcL,αβ(k1, k2, q, pc) + S
abc
R,αβ(k1, k2, q, pc). (31)
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Comparing (24) with (31), we see that Sabcµν;αβλ(k1, k2, q, pc)p
λ is obtained from S
(2)ab
µν;αβ(k2, q, pc)
by the formal replacements, (/pc +mc)→ t
cL(k1−k2+pc) and (/pc +mc)→ t
cR(k2−k1+pc),
together with the appropriate momentum-shifts in the remaining factors.
We calculate ∂Sabcµν;αβλ(k1, k2, q, pc)p
λ /∂kγ2 |ki=xip in (13) based on (26)-(31), keeping their
relevant structure that manifests the above-mentioned correspondence with S
(2)ab
µν;αβ(k2, q, pc).
For this purpose, we need the collinear limit of (27) and (29),
L ((x1 − x2)p+ pc) = −R ((x2 − x1)p+ pc) = (/pc +mc)
−1
x1 − x2 + iǫ
, (32)
and of their derivatives,
∂L(k1 − k2 + pc)
∂kα2
∣∣∣∣∣
ki=xip
=
(/pc +mc) /pγα
2p · pc
1
x1 − x2 + iǫ
−
pcα (/pc +mc)
p · pc
1
(x1 − x2 + iǫ)2
,(33)
∂R(k2 − k1 + pc)
∂kα2
∣∣∣∣∣
ki=xip
=
γα/p (/pc +mc)
2p · pc
1
x1 − x2 + iǫ
+
pcα (/pc +mc)
p · pc
1
(x1 − x2 + iǫ)2
.(34)
In these relations (32)-(34), the poles relevant to [· · ·]pole in (13) are unveiled; it is straight-
forward to see that the γgcc-vertex functions and their derivatives do not produce the pole
contributions in the ki → xip limit with xi > 0. Based on the pole structures in (32)-(34),
we evaluate the pole contribution in (13) as
 ∂Sabcµν;αβλ(k1, k2, q, pc)pλ
∂kγ2
∣∣∣∣∣
ki=xip
pole =
 ∂Sabcµν;αβλ(k1, k2, q, pc)pλ
∂kγ2
∣∣∣∣∣
ki=xip
(i)+(ii)+(iii) , (35)
decomposing it into three parts (i)-(iii), where (i) denotes the pole contributions from the
second term in (33) and (34), (ii) denotes those from the first term in (33) and (34), and
(iii) denotes the remaining pole contributions due to (32). We obtain
 ∂Sabcµν;αβλ(k1, k2, q, pc)pλ
∂kγ2
∣∣∣∣∣
ki=xip
(i) = pcγ
p · pc
[
1
(x1 − x2 + iǫ)2
]pole
×Tr
[
−F¯ bβ(x2p, q, pc)t
c (/pc +mc)F
a
α(x1p, q, (x1 − x2)p+ pc)D(x2p+ q − pc)
+F¯ bβ(x2p, q, (x2 − x1)p+ pc)t
c (/pc +mc)F
a
α(x1p, q, pc)D(x1p+ q − pc)
]
=
pcγ
p · pc
[
−1
x1 − x2 + iǫ
]pole
×Tr
[
F¯ bβ(x1p, q, pc)t
c (/pc +mc)
(
pµ
∂
∂pµc
Faα(x1p, q, pc)
)
D(x1p+ q − pc)
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+(
pµ
∂
∂pµc
F¯ bβ(x1p, q, pc)
)
tc (/pc +mc)F
a
α(x1p, q, pc)D(x1p+ q − pc)
+F¯ bβ(x1p, q, pc)t
c (/pc +mc)F
a
α(x1p, q, pc)
(
pµ
∂
∂pµc
D(x1p+ q − pc)
)]
=
pcγ
p · pc
[
−1
x1 − x2 + iǫ
]pole
×Tr
[
pµ
∂
∂pµc
F¯ bβ(x1p, q, pc)t
c (/pc +mc)F
a
α(x1p, q, pc)D(x1p+ q − pc)
−F¯ bβ(x1p, q, pc)t
c /pFaα(x1p, q, pc)D(x1p+ q − pc)
]
. (36)
In the second equality in (36), we have performed the Taylor expansion with respect to x2
around x1 for the contributions inside the trace Tr, and the partial derivative with respect
to pc implies the shorthand notation of
∂
∂pµc
f(pc) ≡
∂
∂rµ
f(r)
∣∣∣∣∣
r→pc
, (37)
for a function f(r) of a four-vector rµ. The leading-order (zeroth-order) term in the Taylor
expansion would give rise to the double pole contribution to (36), but the corresponding
contributions generated from the two terms in the RHS of (31) cancel; this type of cancella-
tion may be considered as a result of gauge invariance [10]. On the other hand, the second
and higher-order terms in the expansion give the vanishing contribution to (36) when com-
bined with the factor [1/(x1 − x2 + iǫ)
2]
pole
. Similarly, for the contribution labeled by (ii)
above, we easily obtain ∂Sabcµν;αβλ(k1, k2, q, pc)pλ
∂kγ2
∣∣∣∣∣
ki=xip
(ii)
=
[
1
x1 − x2 + iǫ
]pole
Tr
[
F¯ bβ(x1p, q, pc)t
c
(
γγ −
pcγ
p · pc
/p
)
Faα(x1p, q, pc)D(x1p+ q − pc)
]
. (38)
The contribution labeled by (iii) can be expressed as ∂Sabcµν;αβλ(k1, k2, q, pc)pλ
∂kγ2
∣∣∣∣∣
ki=xip
(iii)
=
[
1
x1 − x2 + iǫ
]pole
Tr
[
∂
∂pγc
F¯ bβ(x1p, q, pc)t
c (/pc +mc)F
a
α(x1p, q, pc)D(x1p+ q − pc)
−F¯ bβ(x1p, q, pc)t
c γγ F
a
α(x1p, q, pc)D(x1p+ q − pc)
]
, (39)
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where we have replaced the derivative ∂/∂kγ2 by the relevant ∂/∂p
γ
c , and have set x2 = x1
inside the Tr due to the presence of the factor [1/(x1 − x2 + iǫ)]
pole. The sum of the results
(36)-(39) yields the compact form for (35), ∂Sabcµν;αβλ(k1, k2, q, pc)pλ
∂kγ2
∣∣∣∣∣
ki=xip
pole = −iπδ(x1 − x2)
(
∂
∂pγc
−
pcγp
µ
p · pc
∂
∂pµc
)
S˜abcµν;αβ(x1p, q, pc),
(40)
where
S˜abcµν;αβ(x1p, q, pc) = Tr
[
F¯ bβ(x1p, q, pc)t
c (/pc +mc)F
a
α(x1p, q, pc)D(x1p+ q − pc)
]
. (41)
Noting that the RHS of (40) vanishes when contracted by pγ , (40) may be calculated as ∂Sabcµν;αβλ(k1, k2, q, pc)pλ
∂kγ2
∣∣∣∣∣
ki=xip
pole = −iπδ(x1 − x2) d
dpγc
S˜abcµν;αβ(x1p, q, pc), (42)
where the derivative is to be taken under the on-shell condition p2c = m
2
c , regarding p
+
c as
a variable dependent on p−c and p
1,2
c as in (15). Comparing (41) and (24), S˜
abc
µν;αβ(x1p, q, pc)
is the same as S
(2)ab
µν;αβ(x1p, q, pc), except that the former has an extra insertion of the color
matrix tc. The relations (40) and (42) clearly indicate that the three-gluon contribution to
the twist-3 cross section for ep↑ → eDX (see (13)) can be derived from the cross sections
for the γ∗g → cc¯ scattering, and we find that those relations, obtained for the three-
gluon contribution and with a massive quark, have the structure formally similar to the
corresponding relations derived in [10, 11] for the quark-gluon contribution and with the
massless quarks. Substituting (13), (42) into (12), we obtain the master formula, the main
result of this paper, which allows us to derive the explicit form of the whole contribution
to the twist-3 SSA in ep↑ → eDX , as we demonstrate in the next section.
4.2 Calculation of the twist-3 cross section based on master for-
mula
We are now in a position to carry out the derivative arising in (42). In the formula (13)
with (14) and (42), it is sufficient to consider the corresponding derivative for the color-
averaged components of S˜abcµν;αβ(xp, q, pc), which coincide with the color-averaged component
of S
(2)ab
µν;αβ(xp, q, pc), as apparent from the color structure in (24), (41). We thus define the
color-averaged hard part S
(2)
µν;αβ(xp, q, pc) as the appropriate color contraction:
1
8
δabS
(2)ab
µν;αβ(xp, q, pc) ≡
1
2
S
(2)
µν;αβ(xp, q, pc). (43)
Then, we have
3
40
dabcS˜abcµν;αβ(xp, q, pc) =
−i
24
fabcS˜abcµν;αβ(xp, q, pc) =
1
4
S
(2)
µν;αβ(xp, q, pc). (44)
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Furthermore, the above derivative can be calculated most conveniently after taking the
contraction of S
(2)
µν;αβ(xp, q, pc) with the leptonic tensor L
µν , as implied in (12). According
to (20), we introduce
V˜µνk S
(2)
µν;αβ(xp, q, pc) ≡ 2π
g2
ẑQ2
Hkαβ(xp, q, pc). (45)
Here, in the RHS, we separated the coupling constant, contained in the γgcc-vertex function
Faα(xp, q, pc) in (24), as well as the factor 2π/(ẑQ
2) contained in D(xp + q − pc) for the
unobserved final-state, such that (see (25))
2πδ
(
(xp+ q − pc)
2)−m2c
)
= 2π
1
ẑQ2
δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
, (46)
with x̂ = xbj/x and ẑ = zf/z. Thus, one obtains
LµνWµν =
2πg2
zf
1
4
∑
k=1,···,4,8,9
∫
dz
z
D(z)
∫
dx
x2
(−iπ)
d
dpγc
[
Ak(φ− χ)H
k
αβ(xp, q, pc)
]
×
(
Oαβγ(x, x) +Nαβγ(x, x)
)
, (47)
for the single-spin-dependent contribution, where (see (1) and (2))
Oαβγ(x, x) = 2iMN
[
O(x, x)gαβ⊥ ǫ
γpnS +O(x, 0)(gβγ⊥ ǫ
αpnS + gγα⊥ ǫ
βpnS)
]
,
Nαβγ(x, x) = 2iMN
[
N(x, x)gαβ⊥ ǫ
γpnS −N(x, 0)(gβγ⊥ ǫ
αpnS + gγα⊥ ǫ
βpnS)
]
, (48)
up to the irrelevant terms corresponding to the twist higher than three. We note that (47)
with (48) is described by the two kinds of partonic hard parts: the hard part associated
with O(x, x) is same as that for N(x, x), but O(x, 0) as well as N(x, 0) accompanies the
hard part of another kind.
The result (47) shows that only the derivative with respect to the transverse compo-
nents, (p1c , p
2
c) = pc⊥, contributes to the twist-3 cross section. As noted below (42), those
components can be varied as independent variables when performing the derivative, and,
based on the representation in (15), the corresponding derivative may be performed through
the magnitude pc⊥ ≡ |pc⊥| = ẑqT and the azimuthal angle χ of the transverse components,
as
∂
∂p1c
= cosχ
∂
∂pc⊥
−
sinχ
pc⊥
∂
∂χ
,
∂
∂p2c
= sinχ
∂
∂pc⊥
+
cosχ
pc⊥
∂
∂χ
. (49)
The formulae (21) indicate that ∂/∂pc⊥ hits only H
k
αβ(xp, q, pc) in (47). Substituting
(48) into (47) and using ǫ1pnS = sin ΦS and ǫ
2pnS = − cosΦS, the hard cross section for
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{O(x, x), N(x, x)} can be obtained as
d
dpγc
{
Ak(φ− χ)H
k
αβ
}
gαβ⊥ ǫ
γpnS
=
sin(ΦS − χ)
ẑ
Ak(φ− χ)
∂Hkαβg
αβ
⊥
∂qT
+
cos(ΦS − χ)
ẑqT
∂Ak(φ− χ)
∂φ
Hkαβg
αβ
⊥ , (50)
where we have used the fact that the scalar function Hkαβg
αβ
⊥ does not depend on the angular
variable χ. Indeed, comparing with (22), (23), we remark that −Hkαβg
αβ
⊥ is nothing but
the twist-2 partonic part for the unpolarized gluon density G(x), and its explicit form is
calculated in [19]. Accordingly, the partonic hard part for {O(x, x), N(x, x)} is completely
determined from the knowledge on the twist-2 unpolarized cross section. Using the rela-
tions ∂A3
∂φ
= −A8 and
∂A4
∂φ
= −2A9, we find that the terms associated with the azimuthal
structures A8,9 arise from the second term of (50), accompanying cos(ΦS − χ), although
such azimuthal structures were absent from the twist-2 unpolarized cross section (22), i.e.,
Hkαβg
αβ
⊥ = 0 for k = 8, 9 (see (56) below). These remarkable features revealed in (50) have
been observed similarly in the master formula for the SGP contribution to the SSA induced
by the quark-gluon correlation [10]. We also remind that the result (50) depends on the
azimuthal angles through φ− χ and ΦS − χ, as noted in section 3.1.
3
The hard part for {O(x, 0), N(x, 0)} can be calculated similarly. In this case, however,
we encounter the non-scalar components of Hkαβ, which have the dependence on the angular
variable χ. The χ dependence of this type was irrelevant for the cases discussed in [10, 11],
but gives the novel contribution in the master-formula approach for the present case. In
order to deal with those non-scalar components, we write down the corresponding hard
part explicitly as
d
dpγc
{
Ak(φ− χ)H
k
αβ
} (
gβγ⊥ ǫ
αpnS + gαγ⊥ ǫ
βpnS
)
= −2
∂
∂p1c
Ak(φ− χ)H
k
11ǫ
1pnS −
∂
∂p1c
Ak(φ− χ)(H
k
12 +H
k
21)ǫ
2pnS
−
∂
∂p2c
Ak(φ− χ)(H
k
12 +H
k
21)ǫ
1pnS − 2
∂
∂p2c
Ak(φ− χ)H
k
22ǫ
2pnS
= −2 sinΦS
(
cosχ
∂
∂pc⊥
−
sinχ
pc⊥
∂
∂χ
)
Ak(φ− χ)H
k
11
3Since this dependence is obvious from the beginning, one may alternatively consider the derivative in
(47) with (49) at χ = 0 to get ΦS-dependence and restore the χ-dependence by the shift ΦS → ΦS − χ
to reach (50), which is much simpler. In other words, one can calculate the cross section for χ → 0 by
regarding χ as the small parameter that allows us to take the derivative d/dpγc in (47). This also applies
to (52) below.
16
+cosΦS
(
cosχ
∂
∂pc⊥
−
sinχ
pc⊥
∂
∂χ
)
Ak(φ− χ)(H
k
12 +H
k
21)
− sin ΦS
(
sinχ
∂
∂pc⊥
+
cosχ
pc⊥
∂
∂χ
)
Ak(φ− χ)(H
k
12 +H
k
21)
+2 cosΦS
(
sinχ
∂
∂pc⊥
+
cosχ
pc⊥
∂
∂χ
)
Ak(φ− χ)H
k
22, (51)
and thus we need the χ dependence of Hk11, H
k
12 +H
k
21 and H
k
22. This dependence can be
separated using (17) like Hk12 = H
k
αβ (cosχX
α − sinχY α)
(
sinχXβ + cosχY β
)
; as apparent
from the definition (16) for the basis vectors constructed with the momenta that are asso-
ciated with the hadron plane, HkXX ≡ H
k
µνX
µXν , HkXY ≡ H
k
µνX
µY ν , etc, are unchanged by
the rotation of the hadron plane around the z-axis, i.e., are independent of χ. After some
algebra, one obtains, in the obvious notation,
d
dpγc
{
Ak(φ− χ)H
k
αβ
} (
gβγ⊥ ǫ
αpnS + gαγ⊥ ǫ
βpnS
)
= sin(ΦS − χ)
[
−2Ak(φ− χ)
ẑ
∂HkXX
∂qT
+
1
ẑqT
(
∂Ak(φ− χ)
∂φ
Hk(XY+Y X) + 2Ak(φ− χ)H
k
(−XX+Y Y )
)]
+cos(ΦS − χ)
[
Ak(φ− χ)
ẑ
∂Hk(XY +Y X)
∂qT
+
1
ẑqT
(
−2
∂Ak(φ− χ)
∂φ
HkY Y + 2Ak(φ− χ)H
k
(XY+Y X)
)]
. (52)
To proceed further, we define the partonic hard cross sections for the “γ∗g → cc¯” scattering,
separating the delta function of (46) and the electric charge ec = 2/3 of the c-quark from
the hard parts arising in (50), (52):
−Hkαβg
αβ
⊥ = e
2
c σˆ
U
k (Q, qT , x̂, ẑ)δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
,
−HkXX = e
2
c σˆ
XX
k (Q, qT , x̂, ẑ)δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
,
−HkY Y = e
2
c σˆ
Y Y
k (Q, qT , x̂, ẑ)δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
,
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−Hk(XY+Y X) = e
2
c σˆ
{XY }
k (Q, qT , x̂, ẑ)δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
, (53)
where the partonic cross sections σˆjk (j = U,XX, Y Y, {XY }) are the functions of Q, qT , x̂
and ẑ. When (50) and (52) using these forms are inserted into (47), the derivative ∂/∂qT
hitting the delta function in (53) can be treated by integration by parts with respect to x;
for example, the contribution from the first term in the RHS of (50), convoluted with the
correlation function O(x, x), can be calculated as
1
ẑ
∂
∂qT
∫
dx
x2
σˆUk (Q, qT , x̂, ẑ)O(x, x)δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
=
2qT
Q2
∫
dx
x2
[
x̂σˆUk (Q, qT , x̂, ẑ)
1− ẑ
(
x
dO(x, x)
dx
− 2O(x, x)
)
+
{
Q2
ẑ
∂σˆUk (Q, qT , x̂, ẑ)
∂q2T
−
x̂2
1− ẑ
∂σˆUk (Q, qT , x̂, ẑ)
∂x̂
}
O(x, x)
]
δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
, (54)
where the derivative, dO(x, x)/dx, arises as a result of the integration by parts. Similar
results are obtained for the contribution associated with the correlation function N(x, x),
as well as for the corresponding contributions from (52) to be combined with O(x, 0) and
N(x, 0). This indicates that all four nonperturbative functions of x, O(x, x), N(x, x),
O(x, 0) and N(x, 0), contribute both in the derivative and nonderivative forms to the twist-
3 SSA, and the partonic hard cross sections convoluted with them are entirely determined
from the hard scattering parts for the γ∗g → cc¯ scattering which corresponds to the 2→ 2
process at the twist-2 level.
Substituting (47) into (12) and using (50), (52)-(54), we obtain the leading-order QCD
formula for the single-spin-dependent cross section ∆σ in the SIDIS, ep↑ → eDX , generated
from the twist-3 three-gluon correlation functions O(x1, x2) and N(x1, x2) of (1) and (2) as
d6∆σ
dxbjdQ2dzfdq2Tdφdχ
=
α2emαse
2
cMN
16π2x2bjS
2
epQ
2
(
−π
2
) ∑
k=1,···,4,8,9
∫
dx
x2
∫
dz
z
δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
D(z)
×
(
sin(ΦS − χ)Ak
2qT
Q2
[
x̂σˆUk
1− ẑ
(
x
dO(x, x)
dx
− 2O(x, x)
)
+
(
Q2
ẑ
∂σˆUk
∂q2T
−
x̂2
1− ẑ
∂σˆUk
∂x̂
)
O(x, x)
]
+cos(ΦS − χ)
∂Ak
∂φ
σˆUk
ẑqT
O(x, x) + (O(x, x)→ N(x, x))
+ sin(ΦS − χ)
[
−2Ak
2qT
Q2
{
x̂σˆXXk
1− ẑ
(
x
dO(x, 0)
dx
− 2O(x, 0)
)
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+(
Q2
ẑ
∂σˆXXk
∂q2T
−
x̂2
1− ẑ
∂σˆXXk
∂x̂
)
O(x, 0)
}
+
1
ẑqT
{
∂Ak
∂φ
σˆ
{XY }
k + 2Ak
(
−σˆXXk + σˆ
Y Y
k
)}
O(x, 0)
]
+cos(ΦS − χ)
Ak 2qT
Q2
 x̂σˆ
{XY }
k
1− ẑ
(
x
dO(x, 0)
dx
− 2O(x, 0)
)
+
Q2
ẑ
∂σˆ
{XY }
k
∂q2T
−
x̂2
1− ẑ
∂σˆ
{XY }
k
∂x̂
O(x, 0)

+
1
ẑqT
(
−2
∂Ak
∂φ
σˆY Yk + 2Akσˆ
{XY }
k
)
O(x, 0)
]
+ (O(x, 0)→ −N(x, 0))
)
, (55)
where αs = g
2/(4π) is the strong coupling constant, Ak ≡ Ak(φ − χ), and σˆ
j
k (j =
U,XX, Y Y, {XY }) are defined in (53). It is worth noting the relations σˆj8,9 = 0 for
j = XX, Y Y and σˆj1,2,3,4 = 0 for j = {XY }, since even number of Y
µ’s has to be in-
volved in the contraction to give nonzero σˆjk. We also remind the relations
∂A3
∂φ
= −A8,
∂A4
∂φ
= −2A9
∂A8
∂φ
= A3 and
∂A9
∂φ
= 2A4 in (55). It is straightforward to derive the explicit
formulae for σˆjk by calculating the diagrams for the 2→ 2 processes in Fig. 3: For example,
σˆUk (= −σˆ
XX
k − σˆ
Y Y
k ) are given in Eq. (81) of [19], where σˆ
U
k are nonzero for k = 1, · · · , 4,
while σˆU8,9 = 0. Those determine the gluon contribution to the twist-2 unpolarized cross
section σunpol for ep→ eDX , as
d5σunpol
dxbjdQ2dzfdq
2
Tdφ
=
α2emαse
2
c
8πx2bjS
2
epQ
2
1
4
4∑
k=1
Ak(φ)
∫
dx
x
∫
dz
z
∑
a=c,c¯
Da(z)G(x)σˆ
U
k
×δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
, (56)
which can be obtained immediately from (22), (23) using (43) and (45), integrating over χ
for the fixed φ′ ≡ φ − χ, and perfoming the formal replacement φ′ → φ (i.e., φ in (56) is
understood to be this φ′). We do not show the rather lengthy formulae for the other hard
cross sections in (53).
Note that (55) shows the result for the c-quark fragmentation channel according to
the diagrams in Fig. 3. The contribution for the c¯-quark fragmentation channel, due to
the diagrams in Fig. 3 with the direction of the quark lines reversed, can be calculated
similarly as above, and yields the formula (55) with the c-quark fragmentation functionD(z)
replaced by the c¯-quark fragmentation function and also with the replacements O(x, x)→
−O(x, x) and O(x, 0)→ −O(x, 0), reflecting the fact that (1) is associated with the C-odd
combination of the gluon operators. Combining this result with (55), we obtain the total
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result, which can be recast into the following form:
d6∆σ
dxbjdQ2dzfdq
2
Tdφdχ
=
α2emαse
2
cMN
16π2x2bjS
2
epQ
2
(
−π
2
) ∑
k=1,···,4,8,9
AkSk
∫
dx
x
∫
dz
z
δ
(
q2T
Q2
−
(
1−
1
xˆ
)(
1−
1
zˆ
)
+
m2c
zˆ2Q2
)
×
∑
a=c,c¯
Da(z)
[
δa
{(
d
dx
O(x, x)−
2O(x, x)
x
)
∆σˆ1k +
(
d
dx
O(x, 0)−
2O(x, 0)
x
)
∆σˆ2k
+
O(x, x)
x
∆σˆ3k +
O(x, 0)
x
∆σˆ4k
}
+
{(
d
dx
N(x, x)−
2N(x, x)
x
)
∆σˆ1k −
(
d
dx
N(x, 0)−
2N(x, 0)
x
)
∆σˆ2k
+
N(x, x)
x
∆σˆ3k −
N(x, 0)
x
∆σˆ4k
}]
, (57)
where Ak ≡ Ak(φ − χ), and Sk is defined as Sk = sin(ΦS − χ) for k = 1, 2, 3, 4 and
Sk = cos(ΦS − χ) for k = 8, 9. The quark-flavor index a can, in principle, be c and c¯, with
δc = 1 and δc¯ = −1, so that the cross section for the D¯-meson production ep
↑ → eD¯X
can be obtained by a simple replacement of the fragmentation function to that for the D¯
meson, Da(z)→ D¯a(z). Comparing (57) with (55), we find
∆σˆ1k =
2qT x̂
Q2(1− ẑ)
σˆUk , (58)
and, similarly, the partonic hard cross sections ∆σˆjk (j = 2, 3, 4, k = 1, · · · , 4, 8, 9) are
completely expressed by σˆjk (j = U,XX, Y Y, {XY }) in (53). Substitution of the above-
mentioned explicit forms of σˆjk into these relations yields the formulae for ∆σˆ
j
k; these for-
mulae, of course, agree with Eqs. (71)-(74) in [19], which were obtained by the direct
calculation of the three-gluon diagrams in Fig. 2 in our previous study.
4.3 Toward extension to higher orders
As we have demonstrated in the last section, our master formula allows us to derive the
explicit form of the twist-3 SSA for ep↑ → eDX in the leading-order QCD, taking into ac-
count the whole contribution induced by the three-gluon correlation inside the transversely-
polarized nucleon. Thus, extension of our master formula beyond the leading-order QCD
is interesting in that it would provide a powerful framework that allows us to calculate the
higher-order corrections to the SSA, which are unknown at present.
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To derive the master formula, our starting point was (13), which gives the whole twist-3
cross section as the SGP contribution at x1 = x2. The derivation of (13) presented in [19]
relies on particular properties satisfied by the corresponding partonic scattering amplitudes
with an on-shell internal line for which the propagator is replaced by its pole contribution.
In particular, those properties include Ward identities for the relevant partonic amplitudes
at the leading order. We expect that the similar Ward identities hold even after inclusion
of the higher-order corrections employing a suitable gauge choice like the background-field
gauge, and that (13) is useful beyond the leading order. Once the cross section is expressed
as in (13), it is easy to see that the formulae (40), (42) hold for the SGP contributions: We
note that the essential ingredient leading to these relations is the simple correspondence
between the hard scattering part (31) relevant to the SGP contributions and the hard
part (24) for the γ∗g → cc¯. As shown in (41) and (42), for the contributions that can be
expressed as (26)-(31) using the γgcc vertices Faα and F¯
b
β, the derivative with respect to k
γ
2
in (13) can be “transformed” into the derivative with respect to pγc in the master formula,
without modifying Faα and F¯
b
β. Similarly, for the higher-order contributions that can be
expressed generically as (26)-(31) using the γgcc vertices Faα and F¯
b
β with the corresponding
corrections included, the result (42) holds without additional modification to Faα and F¯
b
β.
When including higher-order corrections, the SGP contributions may also occur from
the diagrams that contain, in general, a number of final unobserved partons, as shown
in Fig. 4. In that case, the vertex Faα in Fig. 4 has a number of external legs together
with the loop correction inside. Still, we note that only the diagrams, which have the extra
gluon-line attached to the final parton fragmenting into the D-meson, eventually contribute
to the twist-3 cross section [2]. Because of this particular structure in the relevant SGP
contributions, we can show that the relation (42) and thus our master formula hold for the
twist-3 single-spin-dependent cross section for ep↑ → eDX , even after the inclusion of the
higher-order corrections. The details will be discussed elsewhere.
5 Summary
In this paper, we have derived the master formula for the contribution of the three-gluon
correlation functions to the twist-3 single-spin-dependent cross section for the D-meson
production in SIDIS, ep↑ → eDX . This formula connects the twist-3 effects due to the
interference arising in the partonic hard cross section to the Born cross sections for the
γ∗g → cc¯ scattering at the twist-2 level. In particular, the hard cross sections for the
three-gluon correlation functions {O(x, x), N(x, x)} are completely determined by the hard
cross sections associated with the gluon density distribution in the twist-2 unpolarized cross
section for ep → eDX . In the similar master formula derived for the contribution of the
twist-3 quark-gluon correlation functions, only the SGP component of the cross section was
connected to the twist-2 unpolarized cross section. For the present case with the three-
gluon correlation functions, all contributions to the corresponding cross section appear as
the SGP contribution, and thus the master formula derived here is for the total twist-3 cross
section. The formula derived here can be easily extended to the three-gluon contribution
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Figure 4: Generic diagrams for the higher-order corrections to the twist-2 unpolarized
cross section (upper diagram) and the twist-3 single-spin-dependent cross section (lower
diagrams).
to p↑p → DX [25]. The derivation of the formula is based on the general structure and
properties of the relevant twist-3 hard scattering part, which are expected to hold even
after including the higher order corrections.
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